We consider constraints on the distance, inclination and component masses in the X-ray binary GX 339-4 resulting from published works, and then construct detailed evolutionary models for the donor. From both considerations, and assuming the black-hole nature for the compact object (i.e., its mass > 3M ), the possible donor mass is ≈0.5-1.4M , the inclination is ≈ 40
INTRODUCTION
GX 339-4 was discovered by OSO-7 satellite in 1972 as a new X-ray transient (Markert et al. 1973) . The source was soon noticed for its high variability. Already Markert et al. (1973) found that it changed its luminosity by a factor ≈60 in one year. Its optical counterpart has got the variable-star designation V821 Ara. Since the discovery, the source, classified as a soft X-ray transient, has shown more frequent (several per decade) outbursts (observed from radio to soft γ-rays) than any other transient low-mas X-ray binary (LMXB; see Coriat, Fender & Dubus 2012 for a review). Apart from that, GX 339-4 behaves as a typical black-hole (BH) LMXB. In particular, it displays all X-ray states observed in other BH LMXBs (Mendez & van der Klis 1997) .
The current best determination of its binary parameters is that by Heida et al. (2017) (hereafter H17) . The orbital period is P = 1.7587 ± 0.0005 d (hereafter the uncertainties quoted from H17 are 1σ), confirming and refining the original determination by Hynes et al. (2003) . The mass function is 1.91 ± 0.08M and the ratio the donor mas, M 2 , to the accretor mass, M 1 , is q = 0.18 ± 0.05. H17 then considered the lack of eclipses, which gives an upper limit on the inclination. This limit and the mass ratio imply the minimum compact object mass of M 1 ≈ 2.9 ± 0.3M . The distance to GX E-mail: aaz@camk.edu.pl, jz@camk.edu.pl, mikolaj@camk.edu.pl 339-4 has been estimated by Zdziarski et al. (2004) (hereafter Z04) as 7 kpc D 9 kpc, while H17, using a similar method, found D 5 kpc, with a preference for a larger distance. Muñoz-Darias, Casares & Martínez-Pais (2008) (hereafter MD08) calculated theoretical rates of the mass outflow from the donor using equations of King (1993) (which were, in turn, based on the formulae of Webbink, Rappaport & Savonije 1983) . They obtained the maximum allowed rate of −Ṁ 2 ≈ 7.8 × 10
−10 M yr −1 , and concluded that this value agrees with the transient nature of the source. However, MD08 have not estimated the observed average accretion rate on the BH. That was done by Z04 and Coriat et al. (2012) based on the X-ray observations covering jointly a few decades. Assuming the accretion efficiency of 0.1 and D = 8 kpc, the average mass accretion rate is rather high, M 1 ≈ (1.3-1.4) × 10 −8 M yr −1 . As noted by Basak & Zdziarski (2016) , these values are by a factor ∼15 higher than the maximum value of MD08.
In this paper, we first reconsider the constraints on the system masses, distance and inclinations using the results of H17 and Buxton et al. (2012) . We then develop evolutionary models for the donor, and determine their implied binary parameters. The models also give us rates of the conservative mass transfer from the donor, which confirm both the estimates of MD08 and the presence of the large discrepancy between the theoretical transfer rate and the observational accretion rate. We then study possible resolutions of this major discrepancy between the theory and observations. We investigate whether the discrepancy can be resolved by the effect of irradiation of the donor by X-rays from accretion. As an alternative solution, we consider a non-conservative mass transfer in the binary.
MODEL-INDEPENDENT CONSTRAINTS
We consider here some model-independent constraints resulting from the observational data. H17 measured the rotation velocity along the line of sight as v rot sin i ≈ 64 ± 8 km s −1 . This implies the donor radius of R 2 = P (v rot sin i) 2π sin i ≈ (2.22 ± 0.28)R sin i 1.95R sin i .
The measured range of values of v rot sin i also yields 1 the mass ratio of q ≈ 0.18 +0.06 −0.05 . The lack of eclipses with the assumptions of the Roche-lobe filling and corotation of the donor with the binary imply 2 i ≤ 77
• , corresponding to the lowest allowed value of q (and thus the minimum measured v rot sin i). The Roche lobe radii for M 2 0.6M 1 are well approximated (Eggleton 1983 ) by a formula by Paczyński (1967) , R L /A ≈ (2/3 4/3 )(1 + 1/q) −1/3 (where A is the binary separation), which, when combined with the Kepler law, yield
We assume R 2 = R L hereafter. Note that the above approximation gives a relationship between R 2 and M 2 independent of M 1 . Using the minimum v rot sin i ≈ 56 km s 1 , the above relationships imply
They are important model-independent constraints, which we give here for the first time.
Obviously, at a given donor mass, M 2 (and thus R 2 ), possible values of i and q are not independent of each other, but instead positively correlated,
Consequently, the minimum values of R 2 and M 2 , corresponding to the eclipse limiting value of i = 77
• , also correspond to a narrow range of the values of q close to its minimum, with the uncertainty corresponding to the uncertainties of the measured radial velocity, K 2 , and the period, P, which yield q ≈ 0.13-0.14. Then, the corresponding mass of the compact object is M 1 ≈ 2.6-2.7M . Given the similarity of GX 339-4 to other BH binaries, these values of M 1 appear unlikely. Furthermore, the shape of the track of GX 339-4 on the X-ray hardness-count rate diagram implies i 60
• (Muñoz-Darias et al. 2013) .
We can also use constraints given by flux densities. Assuming a blackbody emission, we have the observed flux density of
1 We note that the relationship (Gies & Bolton 1986) 
is commonly used with the approximation to R L /A of Paczyński (1967) , valid for small q. For an arbitrary value of q, the approximation R L /A ≈ 0.49q 2/3 /[0.6q 2/3 + ln(1 + q 1/3 )] (Eggleton 1983) can be used. 2 Here, we use an approximation of the donor being a sphere with the Roche lobe radius, implying i max = arccos(R L /A). H17 gave i max = 78 • , which probably takes into account the flattening of the Roche lobe.
where B ν (T eff ) is the blackbody intensity at the effective temperature T eff . Its value for the donor in GX 339-4 remains uncertain. H17 found three best-fitting templates, which were by the spectra of the K2 III star HD 175545 and the K1 IV star HD 165438, and by a synthetic atmosphere model with T eff = 3938 K, log 10 g = 2.5, and the solar metallicity. Among them, HD 175545 gave the lowest χ 2 of their fits while the 3938 K model gave the strongest crosscorrelation between the observed and template spectra. The latter would appear to suggest a relatively low temperature of the donor in GX 339-4. However, we note that the surface gravity of that template, a parameter strongly affecting the appearance of stellar spectra, is an order of magnitude lower than that in our case,
On the other hand, T eff and log 10 g of the stars providing the bestfitting templates are ≈ 4500 ± 50 K, ≈3.0 in HD 175545 (Koleva & Vazdekis 2012; McDonald, Zijlstra & Watson 2017) and ≈ 4900 ± 50 K, ≈3.4 in HD 165438 (Prugniel, Vauglin & Koleva 2011; Jones et al. 2011; Reffert et al. 2015; Luck 2017) , respectively. Those values of log 10 g are significantly closer to the range of ≈3.4-3.6 of the possible models (Section 3). Therefore, we hereafter adopt the range of 4400-5000 K as that possible in the donor. This implies the intrinsic stellar flux density in the middle of the H band (1.62 µm; least affected by extinction) of
4 mJy, where the exponent of 2.4 has been fitted to the dependence in the 4000-5000 K range.
We then study the lowest IR fluxes measured in GX 339-4 using the results of Buxton et al. (2012) , who performed intensive monitoring of GX 339-4 in the V, J, I and H bands during 2002-2010. Their analysis was concentrated on the outburst states of the source, and while they give the results of all of their observations, no discussion of the quiescence was given. Their lowest measured H magnitudes of >17 are at the sensitivity limit of their 1.3 m telescope. Therefore, we correlated the H magnitudes against those of J, I and V. We have found, in particular, that the H magnitudes approach on average a constant value (with significant scatter) at I > 18. Thus, we select the quiescent state based on this criterion, and in addition, we also impose a criterion of V > 19.5. The reddening towards the source is approximately E(B − V) ≈ 1.2 ± 0.1 (Zdziarski et al. 1998) . The fluxes corrected for the extinction are shown 3 by black error bars in Fig. 1 . From that, we infer that the lowest reliable detections in the H band correspond to an average of F ν ≈ 0.4 mJy, or νF ν ≈ 7.5 × 10 −13 erg s −1 cm −2 . We then assume, similarly as found by H17 for their observations, that a half of that flux, i.e., F ν H ≈ 0.2 mJy, comes from the star. This is also consistent (in spite of possible substantial systematic errors) with the three weakest H magnitudes recorded by Buxton et al. (2012) if we assume they were dominated by the stellar contribution. They are 17.26±0.16, 17.31±0.17 and 17.47 ± 0.19, which give the extinction-corrected fluxes of Buxton et al. (2012) selected by the criterion of I > 18 and V > 19.5. The uncertainties include the 1σ magnitude uncertainties and the systematic uncertainties in E(B − V) and an assumed 10 per cent uncertainty in the conversion from the magnitude to flux. The black short-dashed curves show stellar blackbody spectra, and the blue long-dashed curves give disc spectra. The red solid curves give the sum. The disc is modelled as blackbody from R out = 0.8R L,accretor at T out = 2000 K to R in = 2 × 10 4 R g with T ∝ R −3/4 , q = 0.13. The model parameters are: the stellar mass and spectrum of (a) model B (see Table 1 ), D = 8 kpc, i = 60 • and (b) model E, D = 11 kpc, i = 40 • . See Section 2 for details.
The value of R 2 above can be substituted by that of equation (1), giving the constraint dependent on the binary inclination. Fig. 1 also shows some example spectra from the star and the accretion disc. The shown stellar spectra use the parameters of of models B (at 8 kpc) and E (at 11 kpc) of Section 3, and their fluxes at the middle frequency of the H band are 0.19 and 0.21 mJy, respectively. The shown disc spectra use the model of Shakura & Sunyaev (1973) , with the blackbody spectrum at T ∝ R −3/4 integrated over the disc surface. The parameters are M 1 corresponding to q = 0.13, i = 40 and 60
• , respectively, the outer edge of the disc of at 0.8 of the Roche-lobe radius of the BH, the temperature at that edge of 2000 K, and the inner disc truncation radius (Dubus, Hameury & Lasota 2001; Bernardini et al. 2016 ) of 2 × 10 4 R g , where R g ≡ GM 1 /c 2 . On the other hand, H17 gave their observed H-band flux as ≈0.11 mJy. Since their spectroscopic data have no photometric calibration, they estimated its uncertainty to be by a factor of two. Based on their stellar templates, they estimated the contribution of the accretion disc during their observations as being of ≈50 per cent. Taking the above estimates into account, the extinctioncorrected stellar flux density in the H band is F ν H ≈ 0.10 +0.10 −0.05 mJy. Thus, their maximum measurement estimate of F ν H agrees with our estimate of ≈0.2 mJy, and we use this value hereafter.
We note that the constraint on D of equation (7) is very similar to that obtained by Z04 based on the maximum allowed Gunn r-band (0.67µm) magnitude of the donor of Shahbaz, Fender & Charles (2001) (as corrected in Z04). While that Z04 in their estimates used the previous, apparently overestimated, measurement of the mass function by Hynes et al. (2003) , those authors also gave a value of q 0.08, lower than that of H17, which then lead to the estimate of of Z04 of R 2 ≈ 2.3R / sin i, which is almost identical to the current determination of equation (1). Thus, the constraints on D of Z04 remain approximately valid, with an upward correction for the donor temperature being higher than 4000 K assumed by them. On the other hand, H17 obtained D 5 kpc, but that estimate was based on the minimum-mass model of MD08, with M 2 = 0.166M , which is less than a half of the minimum allowed mass (equation 1). When rescaling to the actual minimum mass, their results are fully consistent with ours. Equation (7) implies the lower limit on the distance of D 7 kpc. This limit corresponds to both the maximum inclination of 77
• set by the lack of eclipses and the minimum of v rot sin i, which then corresponds to the compact object mass of (2.6-2.7)M . Both i = 77
• and this range of mass appear unlikely (as we point out above). This indicates that the actual distance is higher than 7 kpc. On the other hand, the upper limit on the distance depends on a minimum allowed inclination through R 2 (i) of equation (1), which is model-dependent, and which we discuss in Section 3 below.
THE EVOLUTIONARY MODEL
We use the Warsaw stellar evolution code of Paczyński (1969 Paczyński ( , 1970 , also developed by M. Kozłowski and R. Sienkiewicz. Its main current features and updates (e.g., the used opacities, nuclear reaction rates, equation of state) are described in Pamyatnykh et al. (1998) and Ziółkowski (2005) . In Zdziarski et al. (2016) , the code was calibrated to reproduce the Sun at the solar age. This resulted in the H mass fraction of X = 0.74, the metallicity of Z = 0.014, and the mixing length parameter of 1.55. Here, we use it to follow evolution of stripped giants, following the approach used to calculate models of IGR J17451-3022 , GRS 1915+105/V1487 Aql (Ziółkowski & Zdziarski 2017 ) and V404 Cyg/GS 2023+338 (Ziółkowski & Zdziarski 2018) .
In order to reproduce a system close to GX 339-4, we followed the evolution of a 2M main-sequence star, which was main- Table 1 . The results of the evolutionary calculations for the donor of GX 339-4 and the corresponding constraints imposed by the binary solution. Approximately, sin i ∝ M −1/3 1 at a given M 2 , see equation (4). The distance scales as D ∝ (F ν H /0.2 mJy) −1/2 , see equation (7). The Eddington flux from accretion onto the compact object scales with as F Edd ∝ (F ν H /0.2 mJy) −1 (its stated uncertainty corresponds to the dependence of F Edd ∝ M 1 ). The models denoted by a single letter have the solar metallicity of Z = 0.014, while models B2, C2, D2 have twice that, Z = 0.028. The surface gravity, g, is in units of cm s −2 . Figure 2 . Evolution of partially stripped giants for total masses of M 2 = 0.35, 0.5 and 1.0M shown (from bottom to top) by the black, red and blue solid curves, respectively. The evolution proceeds from left to right at the constant M 2 . The horizontal dashed lines with the corresponding colours (from bottom to top) show the radii of the Roche lobe around the donor for the above values of M 2 . The crossings of the corresponding evolutionary tracks and horizontal lines determine the positions of our donor models. We see that these crossing correspond to a narrow range of M c ≈ (0.14-0.15)M .
tained at a constant mass until hydrogen was nearly exhausted in its centre. Then, the mass removal from the surface started and it was continued until the donor star reached a specified value of the mass. The He core still did not form by that time. We found that the assumed rate of the mass removal did not affect the final results. The further evolution of the remnant was followed at a constant M 2 . The H-burning shell moved outwards, increasing the mass of the formed He core, M c , and decreasing that of the H-rich envelope. We calculate not only the radius and the luminosity of each model but also its entire internal structure, which is essential for calculating the reaction of the star to mass transfer.
The results of our evolutionary calculations for GX 339-4 are given in Table 1 . For a given M 2 , R 2 follows from the Roche lobe formula, and M 1 and the range of inclinations follow from the measured K 2 and v rot . The other quantities, in particular L 2 and M c follow from the evolutionary calculations. Fig. 2 shows the evolutionary tracks for the stellar masses of M 2 = 0.35, 0.5 and 1.0M of stripped giants in the core mass, M c , vs. R 2 plane. In addition, we also consider models with M 2 = 0.7, 1.2, and 1.4M , which are not shown in Fig. 2 . The stars evolve at the constant mass and the driving mechanism is the progress of the H-burning shell moving outwards. The radii of the partially stripped giants generally increase with M c , except for the shrinking when the masses of their envelopes become very low. Note also that the He cores we consider here have sufficiently small masses for the dependence of the giant parameters not only on the core mass but also on the total mass to be substantial. The crossings of the evolutionary tracks with the corresponding radii of the donor Roche lobe give the possible models. We find that there are no solutions for M 2 0.2M since the corresponding giants never attain sufficiently large radii during their evolution (not shown in Fig. 2) . However, the limiting mass of 0.2M is below the observational minimum M 2 ≈ 0.35M , given by equation (3). The models with M 2 = 0.35, 0.5, 0.7, 1.0, 1.2 and 1.4M , are labelled A, B, C, D, E and F, respectively. Since the metallicity of the donor in GX 339-4 is not known, we have also considered the metallicity of twice solar, Z = 0.028, for models B, C and D, labelled B2, C2, D2, respectively. The parameters of all of the models are given in Table 1. Table 1 also give the allowed ranges 4 of i and M 1 (based on equation 4), and the scaling for D (based on equations 5 and 7). Furthermore, Table 1 gives the bolometric Eddington flux from accretion onto the compact object, assuming isotropy and the solar H fraction,
where m p is the proton mass and σ T is the Thomson cross section. Model A has M 1 ≈ 2.6-2.7M , which corresponds to either a very heavy neutron star or a very light BH. Such low BH mass has never been observed, and theoretical calculations of dense nuclear matter indicate that the maximum mass of a neutron star is < 2.4M (Lattimer & Prakash 2010) . Currently, the largest neutron star mass measured at high accuracy is 2.01 ± 0.04M (Antoniadis et al. 2012) . Recently, objects with higher masses, but determined to a lower accuracy, have been found. The values of 2.27 +0.17 −0.15 M and 2.17 +0.11 −0.10 M have been obtained from measurements of the ra- 4 The lower limit on the mass of the compact object is given by q max being the minimum of the maximum value of q from the rotational broadening and the solution of the eclipse-limit condition of (R L /A)(1 + q)(K 2 − ∆K 2 )(P − ∆P)/(2πR 2 ) = 1 − (R L /A) 2 , where R L /A is a function of q (approximated by the formulae of either Paczyński 1967 or Eggleton 1983 . The corresponding upper limit on i is given by i max = arccos(R L /A) at q max .
dial velocities (including detailed corrections for irradiation by the donor; Linares, Shahbaz & Casares 2018) and of the Shapiro delay (Cromartie et al. 2019) , respectively. On the other hand, the mass of 2.40 ± 0.12M found by van Kerkwijk et al. (2011) appears less reliable, as discussed, e.g., inÖzel & Freire (2016). Thus, neutron star masses of 2.6-2.7M appear unlikely.
In fact, the properties of GX 339-4 are very similar to a number of confirmed BH binaries, which suggests the presence of a BH with a mass higher than the above range. Also, as noted above, the shape of the tracks of the X-ray hardness-count rate diagram of GX 339-4 is similar to transient BH binaries with known low inclinations, 60
• or so, but clearly different from those with the inclination measured to be 70
• (Muñoz-Darias et al. 2013) . That dependence on the inclination is well explained by the anisotropy of the flux from the geometrically-thin accretion disc in this system. This further disfavours model A.
Based on our adopted temperature criterion of T eff in the 4400-5000 K range (see Section 2), model B2 is disfavoured. Model B appears acceptable at the lowest value of q = 0.13 allowed by the measurement of the rotational broadening, which corresponds to i = 60
• (and thus satisfying the criterion of Muñoz-Darias et al. 2013 ) and M 1 = 3.9M . While this BH mass is low, it cannot be ruled out. Similar considerations apply to models C and C2, which have lower inclinations and higher BH masses; at q = 0.13, they have i = 51
• and M 1 = 5.5M , which appear fully acceptable. Models D-F fully satisfy the inclination condition of i 60
• . Their allowed BH mass ranges overlap with the BH-transient observed range of 7.8 ± 1.2M ofÖzel et al. (2010) . On the other hand, Parker et al. (2016) , based on X-ray spectral fits, found M 1 ≈ (8-12)M and D ≈ 8-10 kpc (including both the statistical and systematic errors), which mass range favours M 2 1M , while their distance range favours models with 0.5 M 2 /M 1. Model F with M 2 = 1.4M still satisfies (approximately) our temperature criterion, and we thus consider M 2 ≈ 1.4M as the highest possible mass in the binary. Nevertheless, given that H17 found that the ≈4500 K stellar template provides the overall best fit, a lower donor mass is preferred.
MD08 estimated a similar maximum allowed mass of the donor, 1.1M , based on the constraint of M c ≥ 0.17M 2 assumed by them to be required for the donor to be a giant. This limit is of Schönberg & Chandrasekhar (1942) , and it corresponds to the maximum possible mass of a stellar core that is still isothermal and in hydrostatic equilibrium; for higher masses, the core contracts and the star moves towards the red giant branch. However, the ratio of M c /M 2 for that limit given in literature is in the ≈0.10-0.17 range (Beech 1988; Eggleton, Faulkner & Cannon 1998; Ball, Tout &Żytkow 2012) , and our own evolutionary calculations yield it at M c /M 2 ≈ 0.1. Our models E and F with M 2 = 1.2 and 1.4M have M c /M 2 ≈ 0.13 and 0.11, respectively, i.e., they satisfy this limit. On the other hand, quasi-stationary solutions obviously exist below this limit, with the star being then evolved (as a subgiant) but with the core still isothermal. This happens, e.g., for our solution with M 2 = 2M , which has M c /M 2 ≈ 0.05. However, we rejected that solution due to its very high T eff , and therefore it is not shown in Table 1 .
THE MASS TRANSFER RATE
As we stated in Section 1, the average accretion rate on the compact object estimated from the average X-ray luminosity is quite high, Zdziarski 2016). On the other hand, the evolutionary model of the donor proposed by MD08 predicted the rate of the outflow from the donor of only ≈ 8 × 10 −10 M yr −1 . Confirming that, the models described in Section 1 also predict small outflow rates, thus much smaller than those inferred from the observations. We assume the BH mass of M 1 = M 2 /q min , where q min = 0.13 is the minimum mass ratio of H17, and, in Sections 4.1-4.2, the conservation of the total mass and the total orbital angular momentum. Then, we calculate numerically at which rate of the mass outflow from the star the changes of the stellar radius will follow the changes of the Roche lobe around it. The resulting rates are given in Table 1 , where we see a fast increase of −Ṁ 2 with increasing M 2 . The highest value of −Ṁ 2 ≈ 1.7 × 10 −9 M yr −1 was obtained at 1.4M (model F). Hereafter in this Section, we use M 2 = 1M (model D), yielding only slightly lower −Ṁ 2 ≈ 1.0 × 10 −9 M yr −1 .
Irradiation of the donor
It was noted by many authors that strong irradiation of the donor by X-rays from accretion onto the compact object is likely to cause the donor outer envelope to expand. This expansion will induce a faster mass outflow. Estimates of this effect were done, among others, by Webbink et al. (1983) , Podsiadlowski (1991), Frank, King & Lasota (1992) , Hameury et al. (1993) , Vilhu, Ergma & Fedorova (1994) , King et al. (1996 King et al. ( , 1997 , Ritter, Zhang & Kolb (2000) and Ritter (2008) . Results obtained by different authors were substantially different. We have decided to obtain a simple estimate of the expansion effect following Webbink et al. (1983) , as given by their equation 16. We have estimated the effective temperature of the heated hemisphere of the donor, T heated ,
where T intr is the effective temperature of the donor in the absence of irradiation, L irrad is the irradiating flux, and a is the X-ray albedo of the stellar surface. We have then constructed a model of the irradiated envelope starting from the heated photosphere. We have done such calculations for different values of the albedo using the average bolometric accretion luminosity of L ≈ 8 × 10 37 erg s −1
(assuming D = 8 kpc). The irradiating flux is then calculated from the geometry of the system. We find that the energy falling on the heated hemisphere makes up ≈1.2 per cent of the bolometric accretion flux, which yields the average L irrad ≈ 260L . On the other hand, the intrinsic luminosity of the donor is only ≈ 2.8-3.7L at 1M , and less for lower masses, see Table 1 . We then used the formula of Jȩdrzejec (1969) as given in Paczyński & Sienkiewicz (1972) to relate the radius excess of the donor, ∆R 2 , i.e., the difference between the irradiated donor radius and the Roche lobe radius, to the rate of the mass outflow from the donor. It gives the relation −Ṁ 2 ∝ (∆R 2 /R 2 ) n+3/2 , where n is the local polytropic index at the Roche lobe surface, but the form of the proportionality coefficient is complicated. The values of n for our models are in the range of ∼3-6. We found that in order to obtain the outflow rate predicted by the internal structure of the adopted unirradiated model (D; 9.75 × 10 −10 M yr −1 ), we need ∆R 2 /R 2 ≈ 5.6 × 10 −3 . We note that in order to calculate it, we have had to iterate because the proportionality coefficient depends both on n and the entropy of the matter at the Roche lobe surface. The mass in the excess layer above the Roche lobe surface and the density at the Roche lobe surface were found to be ≈ 3.0 × 10 −7 M and ρ = 3.1 × 10 −6 g cm −3 , respectively. The thermal scale height at the Roche lobe surface was found to be ≈ 3.6 × 10 9 cm and was comparable to the thickness of the layer (≈ 1.1 × 10 9 cm). We then assumed that the mass contained in the excess layer above the Roche lobe surface does not change when irradiated but the layer only expands. The results of the calculations of the expanded structure of the irradiated envelope are shown in Fig. 3(a) . We have found that the thickness of the excess layer does, as expected, increase with the increasing irradiation (decreasing albedo), but this increase is relatively moderate. We have found that ∆R 2 /R 2 changes from ≈ 5.6 × 10 −3 for a = 1 to ≈ 1.2 × 10 −2 for a = 0.98. The corresponding values of the rate of the mass outflow from the donor are shown in Fig. 3(b) . We see that they depend very strongly on the albedo; increasing 1 − a from 0 to 0.02 increases the rate of the outflow by four orders of magnitude. Fig. 3(b) shows that in order to obtain −Ṁ 2 =Ṁ 1 we need 1 − a = 0.0096, i.e., the donor has to absorb ≈1 per cent of the irradiating flux.
The oscillatory behaviour of the rate of the mass outflow
The irradiation effect discussed above can increase the outflow rate only on a relatively short timescales. The outflow on long timescales is still determined by the internal structure of the donor, i.e., by the rate of H burning on the surface of the He core. Therefore, irradiation of the donor might lead to oscillatory behaviour of the rate of the mass outflow, i.e., cycles of the mass transfer. This effect was analysed by King et al. (1996 King et al. ( , 1997 and discussed at some length by Ritter (2008) . Their conclusion was that while the mass transfer cycles may develop in many classes of LMXBs, the time scales of these cycles are determined by the time scales of the donor outer convective envelope, which means that they are rather long.
On the other hand, we notice, based on Z04 and Coriat et al. (2012) , that the X-ray fluxes of GX 339-4 observed over more than twenty years do show an increase of the average flux on the time scale of a decade. Z04 notice that this might be an effect of the feedback from the donor irradiation. We consider here the possibility that this is related to the time scale of emptying an element of the outflowing matter near the L 1 point. We follow the approach of Savonije (1983) and Zdziarski et al. (2007) . The perpendicular cross section of a flow through L 1 is given by, e.g., equation 10 of Zdziarski et al. (2007) ,
For our binary parameters at M 2 = 1M , A ≈ 1.26 × 10 13 (∆R 2 /1 cm) cm 2 . For the unirradiated model, ∆R 2 ≈ 5.6 × 10 −3 R 2 ≈ 1.1 × 10 9 cm, and ρ is given above. The volume of our patch is therefore V ≈ A∆R 2 ≈ 1.5 × 10 31 cm 3 . The mass of our element is therefore ∆M ≈ Vρ ≈ 4.7 × 10 25 g. Given −Ṁ 2 predicted for unirradiated model is ≈ 6.1 × 10 16 g s −1 , the time scale for emptying the characteristic L 1 volume is ∆t ≡ ∆M/Ṁ 2 ≈ 24 yr.
Let us consider now the irradiated case, where ∆R 2 /R 2 ≈ 7.7× 10 −3 , and thus ∆R 2 ≈ 1.5 × 10 9 cm. This gives V ≈ 2.9 × 10 31 cm 3 . The density at the Roche lobe surface for our model is 2.5 × 10 −6 g cm −3 , implying ∆M ≈ 7.2 × 10 25 g. The outflow rate, −Ṁ 2 , calculated for irradiated model is assumed equal to the observed average accretion rate of ≈ 1.4 × 10 −8 M yr −1 , which implies ∆t ≈ 2.6 yr.
Even if the convection within the stellar envelope is effective in mixing the surface layers with its deeper parts (King et al. 1996 (King et al. , 1997 Ritter 2008) , the outflowing region around L 1 may respond relatively fast to irradiation, and the above time scales are likely to be relevant for the variability of the outflow rate from the donor. They are, to the order of magnitude, in agreement with the observed time scale of long-term variability of the accretion rate.
The non-conservative mass transfer
Here, we discuss an alternative solution allowing us to increase the outflow rate from the donor. This solution relies on nonconservative mass transfer. As customary in this case (Verbunt 1993) , we use the fraction of the mass lost by the donor that is accreted, β, and the specific angular momentum of the mass leaving the system divided by the specific angular momentum of the donor (measured from the centre of mass), α. We look for possible solutions by comparing the rates of the evolutionary change of the radius of the donor and of its Roche lobe as functions of the donor mass loss rate, −Ṁ 2 . The evolutionary changes of the radius of the donor were computed by imposing the outflow at different rates for M 2 and R 2 of our model D. The results are shown with the red solid curve in Fig. 4 . The rate of the change of the Roche lobe radius vs. M 2 was calculated by Rappaport et al. (1982) . When expressed as a function of α and β, it is given by equation 6 of Ziółkowski & Zdziarski (2018) 
In the present case, the model mass outflow rate from the donor is larger than the accretion rate, opposite to the conservative case without irradiation. The results for different values of α are shown with the green dotted curves in Fig. 4 . The curves originate at the conservative solution, with β = 1 and −Ṁ 2 =Ṁ 1 = 1.4 × 10 −8 M yr −1 and M 2 = 1M , q = 0.13. The red solid curve shows d ln R 2 /d ln M 2 for our evolutionary model including the mass transfer, and we see that this rate at −Ṁ 2 =Ṁ 1 disagrees with that for the Roche lobe response. However, this changes for higher values of −Ṁ 2 , and selfconsistent solutions for a given α correspond to the intersections of the two curves. At the intersections, β = −Ṁ 1 /Ṁ 2 . The shown intersections correspond to (α = 1.5, β ≈ 0.38) and (α = 1.25, β ≈ 0.30).
We need then to consider what values of α are expected during the mass transfer. While values of α of several are found for outflows through L 2 (during contact phases of a binary), see, e.g., Flannery & Ulrich (1977) , its values for the outflows from the vicinity of L 1 and from the viscously formed accretion disc are much lower, as discussed in detail in Ziółkowski & Zdziarski (2018) . The maximum value of α max is achieved at the disc outer radius, which we assume to be 0.9 of the accretor Roche lobe radius. Then, α max is solely a function of the mass ratio, and can be calculated using equations 7-11 of Ziółkowski & Zdziarski (2018) and the approximation to the Roche lobe radius of Eggleton (1983) . We find α max is a weak function of q, with α max ≈ 1.19, 1.23, 1.29 for q = 0.13, 0.18, 0.23, respectively. This is comparable to α = 1.25 considered in Fig. 4 . Thus, the non-conservative transfer appears possible for α ≈ 1.25 and β ≈ 0.3.
However, we note that unlike the case of V404 Cyg showing very strong winds, which motivated the study of the nonconservative mass transfer of Ziółkowski & Zdziarski (2018) , no evidence for disc outflows has so far been found in GX 339-4. In particular, high-ionization Fe K absorption lines in the soft state, which trace disc winds, have not been detected (Ponti et al. 2012) .
PERIOD CHANGE
The mass transfer rate in a binary is associated with a period change. We use the standard formula, which, when expressed in terms of α and β, is given by equation 15 in Ziółkowski & Zdziarski (2018) . In the conservative case with irradiation causing a temporary increase of the mass transfer rate, −Ṁ 2 =Ṁ 1 ≈ 1.4 × 10 −8 M yr −1 for M 2 = 1M , M 1 ≈ 7.7M , we have the characteristic time scale for period increase of P/Ṗ ≈ 2.7 × 10 7 yr. In the non-conservative case with −Ṁ 2 ≈ 1.4×10 −8 β −1 M yr −1 , α = 1.25, β = 0.3 (as found in Section 4.3), P/Ṗ ≈ 4.5 × 10 7 yr, i.e., it is longer by a factor of two from that of the conservative case. Given the uncertainties in the used parameters, these estimates should be considered as representative, and the possibility of distinguishing between the two scenario based on a future measurement ofṖ appears uncertain.
In general, mass transfer alone from the less massive component to the more massive one leads to an increase ofṖ for plasible values of the parameters; namelyṖ > 0 for α < 1 + 2q/3 at β = 0, and up to higher values of α at β > 0. Orbital period changes have been measured in only three 5 accreting BH binaries, namely in the short period systems (with P ≈ 0.17-0.43 d) XTE J1118+480, A0620-00 and Nova Muscae 1991 (González Hernández et al. 2017) . Contrary to the above expectation,Ṗ was found to be < 0 in all three cases, with the best-fitted time scales of −P/Ṗ ≈ 7.7 × 10 6 , 4.6 × 10 7 , 1.8 × 10 6 yr, respectively. It is possible that the negativeṖ is due to the dominance of magnetic braking in those systems and their descendance from highly magnetized intermediate-mass binaries (Justham, Rappaport & Podsiadlowski 2006) , which, however, requires the current presence of rather high magnetic fields in the donors (González Hernández et al. 2017) . We note that while some variations of the value ofṖ implied by the mass transfer and mass loss can be due to fluctuations of the value ofṀ 2 (see the last paragraph in Section 6 below) and variable disc wind loss rates, a change of the sign ofṖ cannot occur due to such fluctuations (see equation 15 in Ziółkowski & Zdziarski 2018) .
Given the absence of aṖ measurement in GX 339-4, we have no indication whether or not magnetic braking operates in this source. Since its orbital period is much longer than that in the three systems discussed above, the donor may have evolved from a star with a low magnetic field (Justham et al. 2006) , and magnetic braking may be not operative. However, we point out that if the actual P is substantially less than that of our estimates for GX 339-4, e.g., due to the presence of magnetic braking or another effect, the associate change of the rate of the orbit evolution would affect our estimates ofṀ 2 . In particular, it would increase the estimates of −Ṁ 2 in the conservative transfer case (Table 1 ). This effect thus represents a third hypothetical scenario, in addition to the irradiation and non-conservative mass transfer, that could reconcile the theoretical and observed values ofṀ 2 in GX 339-4.
DISCUSSION
We have estimated the possible range of the distance to GX 339-4, but our estimates still bear a substantial uncertainty related to the unknown exact value of the donor flux. They could be improved with future studies of the photometry of the source in quiescence. Also, strong distance constraints could have been achieved if the 5Ṗ has also been measured in the short period (P ≈ 0.20 d) high-mass Xray binary Cyg X-3, whereṖ > 0 and P/Ṗ ≈ 1.0 × 10 6 yr (e.g., Bhargava et al. 2017) , which value appears to be in agreement with the rate of wind mass loss in that system. However, while it is likely that the compact object in that system is a BH, the presence of a neutron star remains possible (Zdziarski, spectroscopic observations of H17 were accompanied by sensitive photometry. We also note that in our estimates we assumed blackbody emission. Using stellar-atmosphere models instead would reduce somewhat the predicted fluxes at a given T eff , and would correspondingly slightly reduce the distance estimates.
Still, our results support relatively low values of the BH mass and large distances, as seen in Table 1 . These values have then implications for the determination of the BH spin using the disc continuum spectral fitting method (Kolehmainen & Done 2010) . Those authors used the disc atmosphere model of Davis et al. (2005) , which incorporates calculations of the disc vertical structure, radiative transfer and relativistic effects, and fitted simultaneously nine spectra of GX 339-4 in the soft state. From their table 2, we find that our constraints imply low to moderate values of the dimensionless spin, a * < ∼ 0.8 (allowing for a misalignment of the inner disc with respect to the orbital plane).
Another uncertainty concerns the origin of the accretion spectrum in quiescence. As we see in Fig. 1 , simple disc models together with the stellar emission can reproduce well the quiescent H and J measurements of Buxton et al. (2012) . However, the models fall below the observational points at I and V. Furthermore, we note that the accretion disc in quiescence is not in a steady state, and thus the model of Shakura & Sunyaev (1973) does not apply. However, reproducing the I and V data points would require the local temperature increasing with the decresing radius faster than T ∝ R −3/4 of the steady state. This is opposite to the theoretical expectations; e.g., in fig. 13 of Dubus et al. (2001) we see that the temperature profile in quiescence is flatter than R −3/4 . This would then give fluxes at the I and V bands much lower than those of our example model. Thus, the question arises of the origin of most of the I and V fluxes of GX 339-4 in quiescence. Apart from the optically-thick disc, the accretion flow consists of a hot inner flow downstream the inner disc truncation radius, e.g., Lasota, Narayan & Yi (1996) . The hot electrons would then Compton-upscatter the disc emission, leading to a component extending from IR to X-rays. In addition, the flow can contain some non-thermal electrons, which then would lead to efficient synchrotron emission of the flow, e.g., Poutanen & Veledina (2014) . The combination of the two processes could account for the observed emission, but future studies are desirable.
In Section 3, we calculated the bolometric flux, F Edd , that would be observed from the accretion flow in GX 339-4 isotropically emitting the Eddington luminosity, equation (8) . In principle, this could serve as a diagnostic allowing us to select preferable models. However, we find that due to a chance approximate proportionality of D 2 ∝ ∼ M 1 , the allowed ranges of F Edd are very similar for all the considered models, ≈ (5-10) × 10 −8 erg cm −2 s −1 . These values can be compared with observations. The highest measured bolometric flux, F bol , appears to be ≈ 5 × 10 −8 erg cm −2 s −1 (Z04), observed in the soft state. This implies that GX 339-4 is a source emitting up to around the Eddington limit. Notably, the highest F bol seen in the hard state is only slightly lower, ≈ 3.5 × 10 −8 erg cm
We then studied the effect of irradiation of the donor on the mass transfer rate (Section 4.1), and found that it can increase the rate substantially. This then can resolve the discrepancy between the estimated transfer and accretion rates. Such an effect is also expected in other X-ray binaries. It may be most pronounced in GX 339-4 given it is the most often outbursting source. Among other sources, Shaw et al. (2019) found that the mass transfer rate in the transient BH-candidate binary Swift J1753.5-0127 is variable during its very long outburst, which may be related to donor irradiation.
We note here that if donor irradiation is indeed present during quiescence, the so-called K correction to the mass function (due to the lines being emitted preferentially by the irradiated hemisphere) may become important. In their section 4.1, H17 discuss that correction and conclude it is unimportant given the lack of evidence for irradiation. However, if it does operate, the inferred mass function would increase, affecting the masses and inclination of the system.
Another possible solution of the rate discrepancy is via nonconservative mass transfer (Section 4.3). We note that the rate problem in GX 339-4 is opposite to that in V404 Cyg, where the estimated mass transfer rate was much higher than the estimated accretion rate, and the main effect of the mass removal from the binary was a reduction of the accretion rate. In the present case, the non-conservative mass and angular momentum losses lead to an increase of the transfer rate.
As a cautionary note, we point out that the change of the donor Roche lobe radius (which is drivingṀ 2 ) in 10 yr, which is a time scale on which the mass transfer rate can be measured, is only ≈ 10 5 cm, while the radius excess of the Roche lobe required for the theoretical rate in the unirradiated case (see Section 4.1) is ≈ 10 9 cm. Thus, relatively small fluctuations in the structure of the Roche lobe excess around L 1 may lead to strong fluctuations ofṀ 2 . A quantitative analysis of this effect is, however, beyond the scope of our paper.
CONCLUSIONS
Our main results are as follows.
We have determined current model-independent constraints on the distance, inclination and component masses in the X-ray binary GX 339-4, as following from H17 and Buxton et al. (2012) . The minimum radius and mass of the donor are 2.0R and 0.35M , respectively. However, those values correspond to unlikely values of the inclination of 77
• and the compact object mass of (2.6-2.7)M . On the other hand, the masses of M 2 0.5M yield BH masses of 4M and allow the inclinations of i 60 • (which agrees with the constraint on i of Muñoz-Darias et al. 2013) . We have then constructed evolutionary models for the donor. Comparing those models with the observational data, we find the possible donor mass to be within the ≈ 0.5-1.4M range, the BH mass within ≈ 4-11M , the inclination within ≈ 40
• -60
• and the distance within ≈ 8-12 kpc.
Based on the evolutionary models, we have calculated the mass transfer rate predicted in the conservative case. Confirming the previous result (MD08), we found the theoretical mass transfer rate is 1.7 × 10 −9 M yr −1 for the donor masses ≤ 1.4M . This transfer rate is much below the average mass accretion rate estimated from the long-term X-ray light curve.
We show that the discrepancy between the transfer rate and the accretion rate can be solved in two ways. One solution invokes strong irradiation of the donor by the X-rays from accretion. This may temporarily enhance the mass transfer rate. We have performed calculations of this effect and found that absorption of even a small fraction (∼1 per cent) of the irradiating luminosity can cause an expansion of an outer layer of the donor and thus strongly enhance the mass transfer rate. We have estimated the time scale at which the mass transfer rate will vary and found it to be of ∼10 yr. Such variability in the transfer rate averaged over outbursts appears to be observed.
In the other solution, we have considered non-conservative mass transfer, in which a strong outflow carries away most of the mass and angular momentum flowing from the donor to the accretor. In our preferred solution, ≈70 per cent of the transfer mass escapes as an outflow and carries away the specific angular momentum of ≈1.2 of that of the donor. However, we note that no evidence for outflows has yet been found in GX 339-4. Thus, the irradiation solution appears preferable at this time.
For both solutions, we calculated the predicted secular rate of the period change associated with the mass transfer, and obtained the expected secular change on a time scale of P/Ṗ ≈ (3-5)×10 7 yr. If future measurements find theṖ to be substantially lower (or negative), this would imply the presence of a competing mechanism, e.g., magnetic braking.
